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AN OPEN book decomposition of a PL manifold M is a decomposition of M as V,, U(aV x D'), where V, = V x I/(X, 1) -(h(x), O), h a PL homeomorphism of V which restricts to the identity on aV, and M is formed by joining V,, and aV x D* by a PL homeomorphism of their boundaries. k wJ-I(q,Dk+l X S')j) = W\ U EW$, we can imbed V I in E' so that W: = V x I. It is easy to get from this condition to the open book decomposition of M (cf. [16, 171) . Note that we get as a corollary that M is a double. The representation of a manifold as a double under various hypotheses was first given by Smale[l I] (M simply connected, tors J&(M) = 0, dim M = 2k + I L 7), and has since been proved by Barden [3] (M orientable,
none of the proofs besides Smale's is readily available in the literature.
We are indebted to John Alexander for providing us with a copy of [2] , which has influenced greatly our presentation here.
OPEN BOOK THEOREM. Let M be an odd dimensional closed connected PL manifold of dimension ~7. Then M has an open book decomposition.
Proof. Our proof will consist of a number of steps, where we start with an initial decomposition and improve it in each step until it is in the required form.
Step 1. Our initial decomposition of Mzk+' will stem from a choice of handlebody decomposition, M = W,, lJE, W2,, where W,, denotes the handles of index Sk and W,, Let US denote the common fundamental groups, which we will identify, by ~1.
Let Zrr be coefficients for all homology groups unless otherwise indicated. Since WZ, is homotopy equivalent to K zl, which is k-dimensional, Hi( W2,) = 0 for i > k and H'+'(Wn; P) = 0 for any &r,-module P. Since L is (k -1)-dimensional, this implies H;(JIi) = 0 for i > k and Z-Zk+'(+,; P) = 0 for any Z?r,-module P. Also, $,(k -I)-connected implies that Hi($I) = 0 for i < k. Now Theorem 4 of [7] implies that Hk(+!) is a finitely generated stably free Zrr,-module.
In succeeding steps we will "stabilize" and change Wil, El, Kil, fi,, f,,, 4,, $, to W,, E., Kin, JR. f;., (6 Step 2. We stabilize as indicated above to make Hk(&) a free ZP,-module. Now choose a Zr,-module basis el, . shows that Hk+,(f& = Hk(f22) = 0. Oue easily sees that Hi(fiz) = 0, i# k, k + 1, SO f;z is a homotopy equivalence. It may not be simple, however; we make it simple in Step 3. All other changes in Step 2 are the standard ones.
Step 3 Step 4. 
